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The eigenvalue problem of the Stokes operator is solved for an incompressible fluid contained
between two coaxial cylinders of infinite height. Flow field patterns and spectra of the eigenmodes
(“Stokes modes”) are offered. Furthermore, in finite dimensional subspaces generated by these Stokes
modes, the eigenproblem for the Navier-Stokes operator linearized about the laminar Taylor-Cou-
ette flow is studied. Although the spectrum’s qualitative features are still correct, we quantitatively
obtain wrong results. We trace this back to a Gibbs like phenomenon of higher order derivatives of
the flow field as probable source, since the Stokes modes do not reflect the discontinuity arising from

different velocities at both cylinders.

1. Introduction

One of the basic techniques in solving fluid dynam-
ical problems is mode decomposition: one approxi-
mates the partial differential equation for the time
evolution of the velocity field (i.e., the Navier-Stokes
equation) by a finite set of ordinary differential equa-
tions. Especially in the context of investigating hydro-
dynamic instabilities this method — often denoted as
Galerkin method — seems pretty useful. In this paper,
however, we demonstrate for the well known Taylor
instability [1], that an evident choice of the set of the
expansion modes can lead to erroneous results.

The instabilities of fluid motion between rotat-
ing coaxial cylinders (“Taylor-Couette system”) have
been investigated since about one hundred years.
Chandrasekhar [2] has established a simple but power-
ful Galerkin-type method to calculate the onset of
linear instability caused by the rotation of the inner
cylinder. Up till now his method has been used in a
variety of problems in hydrodynamics [3]. Its basic
idea is to eliminate analytically as many components
of the Navier-Stokes equation as possible and expand
the remaining fields into a suitable set of modes. The
field components that are eliminated analytically are
selected by convenience and therefore somewhat arbi-
trarily. But one can also expand the stream function
into a series of modes [4] or decompose the whole
velocity field into vector modes [5], thereby treating all
velocity components in the same manner. This latter
method is not restricted to linear stability theory but
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can be extended to deal with nonlinear mode inter-
action in a straight forward way.

The geometry of the system under consideration is
shown in Figure 1.1. We restrict ourselves to cylinders
of large aspect ratio I, ie., effects generated by the
bottom or top plates are neglected.

The motion of an incompressible fluid is governed by
the Navier-Stokes equation (NSE): (1.1)

GUx, t)=—(U(x,t) - V)U(x,t)+vAU(x,t)—VP(x, 1),
together with the continuity equation

V-U(x,t)=0. (1.2)

U(x, t) stands for the velocity field, P(x, t) denotes the
pressure per unit mass and v is the kinematic viscosity
of the fluid.

Equations (1.1) and (1.2) admit the laminar solution

Us(x, 1) = Up(r) e, » (1.3)
onZ(Q)
R(r,t)= TdQ+Po(r1,t), (1.4)
with "
Uo(r)=Ar+g. (1.5)

The no slip condition at the cylinder walls determines
the constants 4 and B for the laminar Couette flow in
terms of the Reynolds numbers %, and the radius
ratio #:

Ry—nRy v
A= > 16
1+n d? (1.6)

Ty
p=1Y—n#) (1.7)

(I=mA—=n7)
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Fig. 1.1. Geometry and coordinates r € [r,.r,], ¢ €[0,2n),
z €0, L] of the Taylor-Couette system. The relevant param-
cters are the radius ratio n=r,/r,, the aspect ratio I'=L/d,
the inner (®,) and outer (®,) cylinder’s angular velocities,
and the inner and outer Reynolds numbers #, ,, with Z,=
r,w,dpv, a=1,2.

All numerical values that are given in the next sections
will refer to multiples of the slit width d as the length
scale and to the viscous diffusion time d?/v as the time
scale. v/d will serve to measure velocities and vZ/d?
does it for the kinematic pressure.

2. Mode Decomposition

In order to transform the NSE (1.1) into a set of
ordinary differential equations, we first subdivide the
velocity field Ul(x, t) into the basic Couette flow U, (x)
and a perturbation u(x, t), which is not necessarily
small. The same we do for the pressure P(x, t).

Ulx, t) = Uy(x)+u(x; 1), (2.1)

P(x,t) = By(x)+p(x,1). (2.2)

Next, the deviation of the velocity from the laminar
profile is decomposed into a set of modes:

u(x, 1) =73 a;(t) u(x). (2.3)

J

The index j here labels the modes (not the components
of the velocity).
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The NSE and the continuity equation now read

2 a0 w(x)= =X a;(Uy - V) u; = T aj(u;- V) Uy
& J

J

=2 a;a(u; - V)u+vy a; Au;—Vp, (2.4)
j.k J

Zaj(V-uj)zo.

J

(2.5)

In this dimensionless form of the NSE it is v=1, but
we keep v in (2.4) as a marker.

Three restrictions on the set of modes {;(x)} make
these equations more convenient:

e First we demand each mode u;(x) to satisfy the
boundary condition u;(r)|,-,, ,,=0.

e Second we require V - #;=0 for all modes u;.
e Third the number of modes N is taken as finite.

Thus the no slip condition at the cylinder walls and
the continuity equation are trivially fulfilled by the
ansatz (2.3).

To eliminate the pressure we take the curl on both
sides of (2.4), using the abbreviation w; := 1ot u;:

Z_ o; 4; = Z a;rot(Uy x @;+u; x rot Up)
J J
+v>Y a; Ad; + 3 a;ai rot(u; X @) . (2.6)
J Jik

We define the scalar product of two vector fields {u|v)
as the integral [ w* - vdV/V over the space between
the two cylinders and multiply (2.6) by @;. In an ob-
vious notation (e.g. W;;:= {&);| ;) one gets

D Wid4=%L;a+vXDja+3 Ny aa. (27
j j j jok

This is a set of ordinary differential equations for the
expansion coefficients @;(t), in principle infinite, practi-
cally approximated by a finite set. The first term on
the r.h.s. of (2.7) represents the stirring influence of the
basic profile U, the second and damping term is due
to viscosity and the last one comes from the NSE
nonlinearity and yields a nonlinear mode interaction.

3. Stokes Modes

3.1. Calculation of the Stokes Modes

Of course, requiring vanishing divergence and no
slip boundary conditions does not determine the set of
modes uniquely. So one still has some freedom to
choose a convenient or the most appropriate set.

Since the eigenvalue problem of the Stokes operator
(i.c., the linearized Navier-Stokes operator with vanish-
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ing U,) can be solved almost analytically, it seems
evident to use its eigenmodes (hereafter called “Stokes
modes”) as the basis for our expansion. This was also
extensively done e.g. in [5]. So we first have to investi-
gate the solutions of the “Stokes equations”

(3.1)
(3.2)

vAu—Vp = — o*u,
V-u=0,

with u(r)|, -, ,,=0and periodic boundary conditions
at z=0, L.

When solving the eigenvalue problem (3.1), (3.2)
one is faced with the fact that the Laplacean — when
expressed in cylindrical coordinates — mixes the three
components of the vector u. In order to separate this
vector eigenvalue problem we make the ansatz [5]

u=rot(ae.)+rotrot(he.)+ Ve (3.3)

with scalar functions a, b, ¢. The pressure is given
then by

0

pzTc+p0. (3.4)
Every solution of (3.1), (3.2) in Taylor-Couette geome-
try can be expressed in the form (3.3), cf. [6]. Equation

(3.1) separates into three equations:

vda=—do%a, (3.5)
vab=—ah, (3.6)
Ac =0, (3.7)

which can easily be solved by Bessel functions (put
now v=1):

a=(A,J,(sr)+ A, Y, (sr)e'mets (3.8)
b=(B,J,(sr)+ B, Y, (sr)) e'me*E) (3.9)
(C 1, (Br)+C, K, (Br) el ™o b= if B+0,
e= _ : . (3.10)
(Cyr™4Cyr=™)e'™® if =0

with integer m, constant coefficients A4,, ..., C,, and
s :=|/a?—p*. The axial wavenumber £ in principle is
restricted to values of integer multiples of 27/L but is
treated as a continuous variable since the aspect ratio
I'=L/d is large and has been left unspecified. The
boundary condition u(r)|,_, ,,=0 implies a system
of linear homogeneous equations for the coefficients
A yinsy C, that has nontrivial solutions only for cer-
tain discrete values of «?. One can normalize the re-
sulting Stokes modes requiring {u;|u;» =1. Since the
eigenvalue problem (3.1), (3.2) is Hermitean, eigen-
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Fig. 3.1. Cross section of flow pattern for the first (i.c., no
inner r-node) Stokes mode of class 1; u - e_ is zero, n=0.2,
2% =11.48. Modes of class 3 (not displayed) look similar but
are sinusoidally modulated in amplitude along the cylinder
axis.
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Fig. 3.2. Cross section along the cylinder axis. The plot shows
the first (no r-node) Stokes mode of class 2; 7=0.2, x> =9.32.
Modes of class 4 (not displayed) look similar but are sinu-
soidally modulated in amplitude in azimuthal direction.

Table 3.1. Classification of Stokes modes. m=0, +1, ... is the
azimuthal wave number, f§ € R is the axial wavenumber and
p denotes the pressure of the Stokes mode flow field.

Class m f  Flow characteristics p field

1 0 0 Flow only in azimuthal 0
direction

2 0 0  Flow only parallel to the 0
cylinder axis

3 0 #0 Flow only in azimuthal 0
direction

4  *0 0  Flow only parallel to the 0
cylinder axis

S %0 0  Flow perpendicular to e, *0

6 0 +0 Vortices around the cylinder  +0
axis

7 +£0 =0 “Spiral staircase” flow *0

8§ +0 +0 Twisted vortices around the 0

axis
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Fig. 3.3. First (lowest inner radial node number) Stokes mode
of class 5, m=1, n=0.2, 2> =37.80. The contour lines of the
pressure are equally spaced with an increment of 2 in terms
of v2/d*. For water (0, =10*kgm *and v=10 " °*m?s ') in
a d=10"?m slit this corresponds to a physical pressure
increment of 2 in multiples of 107> Nm ™2 or 10~ '° atm. The
normalisation condition <u;|u;) =1 fixes |u| to an order of
v/d, which is 10"*m s~ ! in our example.
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Fig. 3.4. Cross section of first (lowest inner radial node num-
ber) mode of class 6 parallel to the cylinder axis, f=n, n=0.2,
%? =38.07. Spacing of the contour lines of the pressure is 50.
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Fig. 3.5. First (no inner radial node) Stokes mode of class 7,
m=1, f=n,n=0.2, x> =22.12. Flow is three dimensional, so
only the projections of the velocities are plotted. Sections
perpendicular and parallel to the axis, the dotted lines should
be identified. Spacing of the contour lines of the pressure
is 20.
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Fig. 3.6. First Stokes mode of class 8 m=1, f=mn, n=0.2,
22 =39.23. The arrows indicate the projections of the veloc-
ity, spacing of the contour lines of the pressure is 100.

\ N

Fig. 3.7. Second Stokes mode of class 8. m, f§, and 5 are the
same as in Figure 3.6. The eigenvalue o2 is 87.11, the spacing
of the contour lines of the pressure is 200. The pressure is
positive where the fluid approaches the wall and negative
where it leaves the wall.

functions with different eigenvalues «7 are orthogonal.
Furthermore, the spectrum of the Stokes operator is
negative definite, i.e., 2 is real and positive.

3.2. Stokes Modes’ Classification and Examples

One can classify the Stokes modes of the Taylor-
Couette system into eight classes of qualitatively dis-
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tinct flow patterns. Table 3.1 gives a list of them,
whose discussion follows.

Each class consists of hierarchies i.e., subclasses of
modes with fixed m and f, but with an arbitrary num-
ber of nodes in radial direction apart from those at r,
and r,. Examples are presented in Figs. 3.1-3.7. They
show the projections of the flow patterns and contour
lines of the pressure on cross sections parallel and
perpendicular to the cylinder axis. The radius ratio 7
1s 0.2. If the fluid flow near a wall approaches this wall,
the pressure becomes positive; leaving the wall it gets
negative.

By the choice of periodic boundary conditions in
z-direction one identifies the top and the bottom of the
cylinder. So, from a topological viewpoint, the flow
domain is a toroidal shell, for which ¢ and z are the
angle variables. But the metric distinguishes between
¢ and z: space is curved along e, but flat along e..

By interchanging the variables ¢ and z in the Stokes
mode of Fig. 3.1, one gets a velocity field that is topo-
logically equivalent to Fig. 3.2, and vice versa. In this
sense classes 1 and 2, 3 and 4, 5 and 6 are dual.

3.3. The Eigenvalue Spectrum of the Stokes Modes

One can compare the eigenvalues of (3.1), (3.2) with
the spectrum of the Laplacean in flat space

vAv = —o?v (3.11)

in the domain

(x,y,2)€[0,1]x[0,27r,] %[0, L]; r,:=(r +r,)/2,

which has the solution (again putting v=1)

X G,
y|= (Cy -sin(nmx) efmyrm Az (3.12)
4 C,

a* = (mn)*+ (m/r,)* + B>. (3.13)

On comparing the flat space solutions with the solu-
tions of the Stokes equations (3.1), (3.2) one observes:

e The continuity equation (3.2) excludes those solu-
tions of the form (3.12) that have nonzero diver-
gence. On the other hand, the pressure term in (3.1)
admits a new type of solutions that form rolls like
those appearing in the Rayleigh-Benard system.

e The curvature (only slightly) modifies the eigen-
values and the eigenvectors but does not change
them qualitatively. (As the only exception to this
rule the curvature gives rise to a nonzero pressure
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Fig. 3.8. Part of the eigenvalue spectrum of the Stokes equa-
tions (3.1), (3.2) as it changes with the wave number f, fixed
m=1, n=0.2. The eigenvalues marked by an arrow coincide
— within an error that is smaller than the line width — with the

curves x=[//(n n?+(m/r,)*+ B* n=1,2,...,6 (cf. (3.13)).

field of the modes of class 7 although they are essen-
tially of type (3.12).)

Figure 3.8 shows the least stable eigenvalues of (3.1)
and (3.2) for m=1, n=0.2. The lines indicated by an
arrow belong to the modes of class 7. They can also be
regarded as originating from (3.13), since their devia-
tion from the corresponding solutions of the Stokes
equations (3.1), (3.2) is smaller than the line width. The
other eigenvalues are of class 8.

In a flat geometry (e.g. in the Rayleigh-Benard sys-
tem) there would be no distinction between modes of
class 3, 4, and 7 or modes of class 5, 6, and 8, respec-
tively. But in our curved geometry this degeneracy is
removed since, for example, the rolls are either parallel
to e. (class 5) or parallel to e, (class 6) or oblique
(class 8).

Quite generally the Stokes spectrum follows quite
closely the spectrum of the Laplacean except for the
just mentioned proviso.

4. Linear Stability of the Laminar Taylor-Couette Flow
4.1. Critical Reynolds Number

To test how suitable it is to use the Stokes modes in
the expansion (2.3) we tried to reproduce the well
known linear instability for axisymmetric distur-
bances of the Couette flow induced by a resting outer
and a rotating inner cylinder. Therefore we calculated
the matrix elements W;;, L;;, and D;; of (2.7) to study
the eigenvalue problem

LY Wjai=> L;;a;+v3 D;;q;.
i J J

ijs

(4.1)
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Integrating by parts and using (3.1) one gets

1
W, =— 1[2 5,-]-. (4.2)

ij

1 .
Dij:_’;“?o

(43)

Because the Stokes modes u; vanish at the cylinder
walls there are no surface terms from integrating by
parts. One can calculate L;; directly in the form
derived from (2.6), or one may also integrate by parts,
obtaining

L;j=— {du;| Uy x &;+ u; x (rot Uy)y . (4.4)

(Although U, does not vanish at the cylinder walls,
the boundary terms again vanish since only Uj - e,
appears.) Both methods lead to the same results.

The peculiarity of the eigenvalue problem (4.1) is
that it is not Hermitean. Nevertheless, for m=0 the
spectrum can be shown to be invariant under complex
conjugation. Matrix elements of L;; for different values
of m or f§ vanish because of the orthogonality of the
exponentials in (3.8)—(3.10). Therefore (4.1) has block
diagonal form. We took 10... 50 modes, labeled by
their radial node number, per block. The solution of
(4.1) was carried out by standard eigenvalue solvers of
the IMSL-library. The eigenvalues converged very
well with increasing numbers of modes; 15 modes
were enough to obtain an accuracy of 10~%

The critical inner Reynolds numbers were found to
be qualitatively right but shifted from the correct
values (cf. [1-3]) by an amount of 10% to 30%. Fig-
ures 4.1 and 4.2 display this. Solid lines show the
actual onset of linear instability (see e.g. [3, 7, 8]),
dashed lines give the results of the diagonalisation
with m=0 Stokes modes. The dependence of the crit-
ical Reynolds number on # when rotating the inner
cylinder and keeping the outer one fixed is plotted in
Figure 4.1. The dots are from [8], the connecting line
results from shooting methods as given in [9]. Fig-
ure 4.2 shows the onset of instability of axisymmetric
modes in the system of independently rotating cylin-
ders of radius ratio #=0.9. Heavy lines and thin lines
belong to the critical inner Reynolds numbers #
and to the critical wavenumbers [, respectively.

L,er

4.2. A Gibbs Phenomenon

Why does the Stokes mode expansion give sys-
tematically quantitatively wrong results? To answer

Th. Gebhardt and S. Grossmann -

Stokes Modes in Taylor-Couette Geometry

this question, we take the correct eigenfunction u_, (x)
at instability threshold Z=0 and expand it into a
series of Stokes modes:

ucr.r(r) . N
u, (x)=\u, 0 e~ Y (ujlu,)u=u). (45)
j=1

iug, .(r)

Again, u_, i1s obtained by shooting methods [9]. The
approximation in the %, sense is already good (up to
10~%) for N=10. Figure 4.3 shows the three com-
ponents of u,,, the deviation ul>” —u_, is plotted in’
Figure 4.4. The oscillations of «Y).—u, . at the
boundaries are obvious but small in amplitude. (Note
the different scales of Fig.4.3 and Figure 4.4). The
amplitude of this oscillation numerically proved to
decrease ~1/N2. But the situation becomes worse for
@, (=rot u,)oreven Au, . Au_, and A(u3) are plot-
ted in Figs. 4.5 and 4.6. Here the deviations become
visible on a “macroscopic” scale. The continuity equa-
tion requires (d/dr+1/r)u,, ,=pu,, .,s0 u, .1is some-
thing like the derivative of u_, ,. Hence oscillations are
most visible or even dramatic for the z-components of
u or A(u). The oscillation amplitudes of 4(aY)
turn out not to decrease but even to diverge with
increasing N.

Now, the L;; and D;; matrix elements in the eigen-
value equation (4.1) in the N-dimensional Stokes sub-
space contain up to three or four derivatives of the
velocity components. The just obtained artificial oscil-
lations of the derivatives plausibly increase the influ-
ence of viscosity in (4.1), which we think explains why
the range of stability of the laminar flow is systemati-
cally extended in the Stokes mode analysis of the Tay-
lor-Couette eigenvalue problem.

The oscillations observed remind one of the Gibbs
phenomenon found when Fourier analysing a discon-
tinuous function. What is discontinuous here? We
think that it is the different angular velocity @, +w, of
the inner cylinder compared to the outer one which is
not yet present in the basis {#;} of Stokes modes.
Neither the Stokes equations (3.1), (3.2) nor their
boundary condition #=0 take notice of W, Fw,.

cr,z

cr,z

4.3. Adding “"Handmade' Modes

In order to cure the Gibbs phenomenon for the
higher derivatives of the flow field, we tried to add a
few additional modes that were constructed with the
intention to provide the system (4.1) with the possibil-
ity to compensate different boundary values for the
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Fig. 4.1. The onset of linear instabil- Fig. 4.3. Components of the nor- Fig. 45. Components of the La-
ity of laminar Taylor-Couette flow malized (ie. {u |u,)=1) critical placean of the critical mode u_, i.e.
with rotating inner cylinder. It is mode u_, at the onset of linear insta- (Au), ,, .. Units are v/d>.
m=0. The dots [8] and the connect- bility as a function of the radius r.
ing line [9] show the correct #, _ as Ry =131.6, #,=0, f=3.13,n=09.
a function of radius ratio 5. The The velocity is given in units of v/d.

dashed line gives the results of diag-
onalisation of (4.1) in a basis of 25
Stokes modes.
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Fig. 4.2. Phase diagram for the onset Fig. 4.4. Deviation of the Stokes Fig. 4.6. Components of the La-
of linear instability of axially sym- mode expansion #3? from u_,. The placean of the Stokes mode expan-
metric (m=0) modes. 7 is choosen z-component strongly oscillates at sion %, ie. (Au3?), ,. .. Although
to be 0.9. The dotted line on the the boundary. Note the smaller the same scale as in Fig. 4.5 the
right hand side shows the Rayleigh scale in comparison with Figure 4.3. Gibbs oscillations are clearly visi-
criterion [10], which indicates linear ble.

instability for an inviscid fluid. Full
and dotted lines show exact values
and the results of the Stokes mode
diagonalisation, respectively. The
heavy lines correspond to the criti-
cal inner Reynolds numbers #, .,
thin lines indicate the critical wave-
numbers f,. It is #, . (#,=0)=
131.6 (correct) and 171.3 (Stokes
mode space), resp. #Z, =100 corre-
sponds to w,=1/9 Hz or period
7,%x57s for a Taylor system with
7n=0.9,d=10"? m filled with water,

v=10"°m?s L.

derivatives at the cylinder walls. For instance we Indeed, the eigenvalues were shifted towards the cor-

added in (2.3), and thus in (4.1) a mode of the form rect values. But for small # the modes now became too

unstable. Even the matrix D;; of (4.1) was no longer

negative definite if we took this handmade mode plus

1 <d 1 > a few Stokes modes, since {(@,,,,| 4&,,,> becomes posi-
f(r)

w,, =(f(r)e, +ig(r)e.)e’=,
with

fr)=C(r—r,)?*(r,—r)® and g(r)=— tive for small values of f. This undesirably would

p
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mean that the Taylor-Couette system with resting
cylinders would be unstable to small  perturbations.

5. Conclusion

The projection of the infinite dimensional dynamics,
generated by the Navier-Stokes equation, onto any
finite dimensional subspace spanned by a set of modes
of course always leads to approximation errors. One
hopes, however, that they will become negligible if the
dimension of the subspace is large enough. Our exam-
ple shows that this hope can fail.

By definition the Stokes modes are the eigenmodes
of the Taylor-Couette system with resting cylinders.
Using these modes as an orthonormalized expansion
set for the eigenmodes in the case of differently rotat-
ing cylinders fails. One can show by linear perturba-
tion theory that the error in the eigenvalues — calcu-
lated in the context of this expansion — grows
quadratically with the Reynolds number associated
with that rotation. The corresponding eigenmodes ex-
hibit a Gibbs phenomenon at the boundaries. We con-
jecture that similar effects will appear whenever one
deals with differently moving walls in terms of Stokes
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modes. Chandrasekhar’s method to calculate the in-
stability [2] avoids the evaluation of higher derivatives
of the flow field and therefore does not suffer from the
Gibbs phenomenon that we observed. We detected the
flaw of the Stokes mode expansion since we could
compare with the correct and experimentally con-
firmed onset of the Taylor-Couette instability. In
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limited accuracy of Stokes mode expansions, never-
theless. The pipe flow results [5] might not be affected,
since there are no moving walls. Investigating the di-
rect transition to turbulence without explicit instabil-
ity as it happens for rotating outer cylinder but nearly
resting inner one in Taylor-Couette geometry, one
better avoids a Stokes mode expansion [9].
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